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a b s t r a c t
In this paper, we continue the study of locating-total domination in graphs. A set S of
vertices of a graph G is a total dominating set of G if every vertex of G is adjacent to a vertex
in S. We consider total dominating sets S which have the additional property that distinct
vertices in V (G) \ S are totally dominated by distinct subsets of the total dominating set.
Such a set S is called a locating-total dominating set in G, and the locating-total domination
number of G is the minimum cardinality of a locating-total dominating set in G. A claw-
free graph is a graph that does not contain K1,3 as an induced subgraph. We show that the
locating-total domination number of a claw-free cubic graph is at most one-half its order
and we characterize the graphs achieving this bound.
© 2012 Published by Elsevier B.V.
1. Introduction
The problem of placing monitoring devices, such as surveillance cameras or fire alarms, in a system such that every site
in the system (including themonitoring devices themselves) is adjacent to amonitor can bemodeled by total domination in
graphs. Applications where it is also important that if there is a problem in the system its location can be uniquely identified
by the set of monitors, can be modeled by a combination of total domination and locating sets.
Let G = (V , E) be a graph with vertex set V , edge set E and no isolated vertex. A total dominating set, abbreviated as
TD-set, of G is a set S of vertices of G such that every vertex of G is adjacent to a vertex in S. The total domination number of
G, denoted by γt(G), is the minimum cardinality of a TD-set. The literature on this subject has been surveyed and detailed
in the domination book by Haynes et al. [14]. A recent survey of total domination in graphs can be found in [16].
The study of locating dominating sets in graphs was pioneered by Slater [19,20] and this concept was later extended
to total domination in graphs. A locating-total dominating set, abbreviated as LTD-set, in G is a TD-set S with the property
that distinct vertices in V \ S are totally dominated by distinct subsets of S. Every graph G with no isolated vertex has an
LTD-set since V is such a set. The locating-total domination number, denoted by γ Lt (G), of G is the minimum cardinality of an
LTD-set of G. An LTD-set of cardinality γ Lt (G) we call a γ
L
t (G)-set. This concept of locating-total domination in graphs was
first studied by Haynes et al. [15] and has been studied, for example, in [2–5] and elsewhere.
1.1. Notation
For notation and graph theory terminology, we in general follow [14]. Specifically, let G be a graph with vertex set V (G)
and edge set E(G), and of order n(G) = |V (G)| and size m(G) = |E(G)|. Let v be a vertex in V . The open neighborhood of v
is NG(v) = {u ∈ V | uv ∈ E(G)} and the closed neighborhood of v is NG[v] = {v} ∪ N(v). If the graph G is clear from the
context, we simply write V , E, n,m and N(v) rather than V (G), E(G), n(G),m(G) and NG(v), respectively. For a set S ⊆ V ,
its open neighborhood is the set N(S) = ∪v∈S N(v), and its closed neighborhood is the set N[S] = N(S) ∪ S. Thus a set S ⊆ V
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(a) G4 . (b) H4 .
Fig. 1. Cubic graphs G4 ∈ G and H4 ∈ H .
Fig. 2. The generalized Petersen graph GP16 of order 16.
is a TD-set in G if N(S) = V , while S is an LTD-set if it is a TD-set and for every pair of distinct vertices u and v in V \ S, we
have N(u)∩ S ≠ N(v)∩ S. For sets A, B ⊆ V , we say that A dominates B if B ⊆ N[A], while A totally dominates B if B ⊆ N(A).
A path on n vertices is denoted by Pn. We denote by Kn the complete graph on n vertices. A complete graph K3 we call a
triangle. We denote by Km,n the complete bipartite graph with one partite set of cardinality m and the other of cardinality n.
For a subset S ⊆ V , the subgraph induced by S is denoted by G[S]. If X and Y are two vertex disjoint subsets of V , then we
denote the set of all edges of G that join a vertex of X and a vertex of Y by [X, Y ]. The complete graph on four vertices minus
one edge is called a diamond. We say that a graph is F-free if it does not contain F as an induced subgraph. In particular,
if F = K1,3, then we say that the graph is claw-free. An excellent survey of claw-free graphs has been written by Flandrin
et al. [13].
2. Special graphs and families of graphs
2.1. The family Gcubic
The following two infinite families G andH of connected cubic graphs (described below) with total domination number
one-half their orders are constructed in [12]. For k ≥ 1, let Gk be the graph constructed as follows. Consider two copies of
the path P2k with respective vertex sequences a1b1a2b2 · · · akbk and c1d1c2d2 · · · ckdk. For each i ∈ {1, 2, . . . , k}, join ai to di
and bi to ci. To complete the construction of the graph Gk ∈ G join a1 to c1 and bk to dk. Let G = {Gk | k ≥ 1}. For k ≥ 2, letHk
be obtained from Gk by removing the two edges a1c1 and bkdk and adding the two edges a1bk and c1dk. LetH = {Hk | k ≥ 2}.
We note that Gk and Hk are cubic graphs of order 4k. Further, we note that G1 = K4. The graphs G4 ∈ G and H4 ∈ H , for
example, are illustrated in Fig. 1.
Let GP16 denote the generalized Petersen graph of order 16 shown in Fig. 2.
Let Gcubic = G ∪H ∪ {GP16}. We note that each graph of the family Gcubic is a cubic graph.
2.2. Necklaces, bracelets, and chains
For k ≥ 2 an integer, letNk be the connected cubic graph constructed as follows. Take k disjoint copiesD1,D2, . . . ,Dk of a
diamond, where V (Di) = {ai, bi, ci, di} and where aibi is the missing edge in Di. Let Nk be obtained from the disjoint union of
these k diamonds by adding the edges {aibi+1 | i = 1, 2, . . . , k−1} and adding the edge akb1. We call Nk a diamond-necklace
with k diamonds. LetNcubic = {Nk | k ≥ 2}. A diamond-necklace, N8, with eight diamonds is illustrated in Fig. 3(a).
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(a) N8 . (b) B7 . (c) L3 .
Fig. 3. A diamond-necklace N8 , a diamond-bracelet B7 and a diamond-chain L3 .
For k ≥ 1, we define a diamond-bracelet Bk with k diamonds as follows. Using our earlier notation, let Bk be obtained
from a diamond-necklace Nk+1 with k+ 1 diamonds D1,D2, . . . ,Dk+1 by removing the diamond Dk+1 and adding a triangle
T with V (T ) = {a, b, c}, and adding the edges bb1 and aak. A diamond-bracelet, B7, with seven diamonds is illustrated in
Fig. 3(b).
For k ≥ 1, we define a diamond-chain Lk with k diamonds as follows. Using our earlier notation, let Lk be obtained from
a diamond-necklace Nk+1 with k + 1 diamonds D1,D2, . . . ,Dk+1 by removing the diamond Dk+1 and adding two disjoint
triangles T1 and T2 and adding an edge joining a1 to a vertex of T1 and adding an edge joining bk to a vertex of T2. A diamond-
chain, L3, with three diamonds is illustrated in Fig. 3(c).
Now we prove that the locating-total domination number of every diamond-necklace equals one-half its order.
Proposition 1. If G ∈ Ncubic is a diamond-necklace of order n, then γ Lt (G) = n/2.
Proof. We have G = Nk for some integer k ≥ 2, where n = 4k. Let S be any LTD-set of G. Note that in the graph G we
have N[ci] = N[di], for each i such that 1 ≤ i ≤ k. Therefore |S ∩ {ci, di}| ≥ 1, for all i = 1, 2, . . . , k. Renaming vertices if
necessary, we may assume that C ⊆ S, where C = ∪ki=1{ci}. For i = 1, 2, . . . , k, let c ′i be a vertex of S that totally dominates
ci, and so cic ′i is an edge of G. Since the vertices of the set C are pairwise at distance at least 3 apart in G, we note that c
′
i ≠ c ′j
for 1 ≤ i < j ≤ k. Therefore |S| ≥ 2|C | = 2k. On the other hand, the set A ∪ C , where A = ∪ki=1{ai}, is an LTD-set of G, and
so γ Lt (G) ≤ |A| + |C | = 2k. Consequently, γ Lt (G) = 2k = n/2. 
2.3. The family Fcubic
Let F1, F2, F3, F4, F5 be the five graphs shown in Fig. 4 and let Fcubic = {F1, F2, F3, F4, F5}.
2.4. Known results and observations
Every LTD-set of a graph is also a TD-set of the graph. Therefore γt(G) ≤ γ Lt (G), for every graph G. The following
observation follows readily from the definition of an LTD-set.
Observation 2. Let S be an LTD-set in a graph G and let X be a subset of vertices of G.
(a) If N[u] = N[v] for every pair u, v ∈ X, then |S ∩ X | ≥ |X | − 1.
(b) If N(u) = N(v) for every pair u, v ∈ X, then |S ∩ X | ≥ |X | − 1.
It is easy to verify the following property of graphs inNcubic ∪ Fcubic.
Observation 3. Let n be the order of G ∈ Ncubic ∪ Fcubic and let u and v be an arbitrary pair of adjacent vertices in G. Then
(a) γ Lt (G) = n/2,
(b) there exists a γ Lt (G)-set that contains both vertices u and v.
The total domination number of a graph with minimum degree at least 3 is bounded above by one-half its order and the
extremal graphs are those of the family Gcubic.
Theorem A. Let G be a connected graph of order n. Then the following statements hold.
(a) [1,6,22] If δ(G) ≥ 3, then γt(G) ≤ n/2.
(b) [18] If δ(G) ≥ 3 and γt(G) = n/2, then G ∈ Gcubic.
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(a) F1 . (b) F2 . (c) F3 .
(d) F4 . (e) F5 .
Fig. 4. The graphs of the family Fcubic .
Every graph of the family Gcubic, except for K4 and the cubic graph G2 ∈ G, contains a claw. (We remark that the graph G2
is a diamond-necklace N2 with two diamonds.) Hence as a consequence of Theorem A, we have the following result which
was also established in [9].
Theorem B ([9,18]). If G is a connected claw-free cubic graph of order n, then γt(G) ≤ n/2with equality if and only if G = K4
or G = G2.







where the maximum is taken over all graphs G ∈ Gn.
Theorem C ([17]). For n ≡ 0(mod 16)we have ξ(n) ≥ 43 . Further, there is an infinite family of connected claw-free cubic graphs
of order n satisfying γ Lt (G)/γt(G) ≥ 4/3.
3. Main result
By Theorem A, if G is a connected cubic graph of order n ≥ 8, then γt(G) ≤ n/2. The extremal graphs show that there are
two infinite families, namelyG andH , and one finite graph, namelyGP16, that achieve equality in this bound. Although these
extremal graphs have equal total domination number and locating-total domination number, in general the locating-total
domination number of a cubic graph can be very much larger than its total domination number as shown by Theorem C.
However, we believe that except for the graphs K4 and K3,3, the tight upper bound on the total domination number of a
connected cubic graph of one-half its order is surprisingly also an upper bound on its locating-total domination number.We
state this as a conjecture.
Conjecture 1. If G is a connected cubic graph of order n ≥ 8, then γ Lt (G) ≤ n/2.
We remark that Conjecture 1 was first posed as a question in [17]. Domination in claw-free graphs is well studied and
has attracted considerable attention in the literature; see for example [7–11,21]. We confirm that Conjecture 1 is true for
claw-free graphs. The structural requirement of claw-freeness is of interest since the locating-total domination number of
a claw-free cubic graph tends to be very much larger than its total domination number. One might therefore expect that if
Conjecture 1 is false, then it fails for the class of claw-free graphs. We shall, however, prove the following result, a proof of
which is presented in Section 4.
Theorem 4. If G ≠ K4 is a connected cubic claw-free graph of order n, then γ Lt (G) ≤ n/2, with equality if and only if
G ∈ Ncubic ∪ Fcubic.
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4. Proof of main result
We proceed by induction on the order n of a connected cubic claw-free graph different from K4. If n ≤ 6, then n = 6 and
G = F1 ∈ Fcubic (the graph F1 shown in Fig. 4 is known as the prism C3  K2) and γ Lt (G) = 3 = n/2. This establishes the
base case. Let n ≥ 8 and assume that the result holds for all connected cubic claw-free graphs of order less than n that are
different from K4. Let G = (V , E) be a connected cubic claw-free graph of order n.
Claim A. The vertex set V can be uniquely partitioned into sets each of which induces a triangle or a diamond in G.
Proof. Let S be a maximum subset of V that can be partitioned into sets each of which induces a triangle or a diamond in
G. Suppose that S ≠ V and consider a vertex v ∈ V \ S. By the claw-freeness of G, the vertex v belongs to a triangle T , say.
Let x and y be the two vertices of T different from v. If S ∩ {x, y} = ∅, then the set S ∪ {v, x, y} can be partitioned into sets
each of which induces a triangle or a diamond in G, contradicting the maximality of S. Hence, |S ∩ {x, y}| ≥ 1. Suppose that
|S ∩ {x, y}| = 1. Renaming vertices if necessary, we may assume that x ∈ S and y ∉ S. But then x has at least two neighbors
in S and at least two neighbors outside S, and so dG(x) ≥ 4, contradicting the fact that G is cubic. Hence, {x, y} ⊂ S. Since
G is cubic, the vertices x and y belong to a common triangle Tv in G[S], but not to a diamond in G[S]. Let z be the common
neighbor of x and y different from v. Since G ≠ K4, the vertices v and z are not adjacent. But then the set S ∪ {v} can be
partitioned into sets each of which induces a triangle or a diamond in G, contradicting themaximality of S. Therefore, S = V .
The uniqueness of the partition follows readily from the fact that G is cubic. 
By Claim A, the vertex set V can be uniquely partitioned into sets each of which induces a triangle or a diamond in G. For
notational convenience, we refer to such a partition as a triangle-diamond partition of G, abbreviated as∆-D-partition. Every
triangle and diamond induced by a set in our∆-D-partition we call a unit of the partition. A unit that is a triangle we call a
triangle-unit and a unit that is a diamond we call a diamond-unit. We say that two units in the∆-D-partition are adjacent if
there is an edge joining a vertex in one unit to a vertex in the other unit.
If every unit in the ∆-D-partition is a diamond-unit, then G is a diamond-necklace Nk with k ≥ 2 diamonds (recall that
n ≥ 8), and so, by Proposition 1, γ Lt (G) = n/2 and G ∈ Ncubic. Hence we may assume that at least one unit in the ∆-
D-partition is a triangle-unit. Since every triangle-unit is joined by three edges to vertices from other units, while every
diamond-unit is joined by two edges to vertices from other units, there are therefore at least two triangle-units in our∆-D-
partition.
We proceed further with the following series of claims.
Claim B. If G contains a diamond-bracelet Bk, where k ≥ 2, then γ Lt (G) < n/2.
Proof. Suppose that G contains a diamond-bracelet Bk, where k ≥ 2. Using our earlier notation, let D1,D2, . . . ,Dk be the
sequence of k diamonds in Bk, where V (Di) = {ai, bi, ci, di} and aibi is the missing edge in Di for 1 ≤ i ≤ k, and let T be the
triangle in Bk, where V (T ) = {a, b, c} and where ab1 is the edge joining T and D1, and bak is the edge joining T and D2. Let
d be the neighbor of c not in T , and let e and f be the two vertices that belong to a common triangle with d. Let G′ be the
connected cubic graph obtained from G by removing the vertices in the diamond D1 and adding the edge ab2. Let n′ be the
order of G′, and so n′ = n− 4 (and n′ > 10).
Applying the inductive hypothesis to G′, we get γ Lt (G′) ≤ n′/2 = n/2−2. Let S ′ be a γ Lt (G′)-set. By Observation 2, the set
S ′ contains at least two vertices from each diamond-unit in G′. If k ≥ 3, then we can choose S ′ to contain the set {b2, ak, d},
exactly two vertices from each diamond Di, 2 ≤ i ≤ k, and no vertex from the triangle T . If k = 2, then we can choose S ′
such that S ′ ∩ (V (D2)∪ V (T )) = {b2, c2, c, d}. In both cases, the set S ′ can be extended to an LTD-set of G by adding to it the
set {b1, c1}, implying that γ Lt (G) ≤ |S ′| + 2 = γ Lt (G′)+ 2 ≤ n/2.
If γ Lt (G
′) < n′/2, then γ Lt (G) < n/2. Hence we may assume that γ Lt (G′) = n′/2. By the inductive hypothesis we have
G′ ∈ Ncubic ∪ Fcubic. Since G′ contains a triangle-unit and a diamond-unit, either G′ = F3 or G′ = F5. If G′ = F3, then n = 22
and it is easy to verify that γ Lt (G) ≤ 10. If G′ = F5, then n = 28 and it is easy to verify that γ Lt (G) ≤ 13. In both cases,
γ Lt (G) < n/2. 
Claim C. If G contains a diamond-bracelet B1, then G ∈ {F3, F5} ⊂ Fcubic or γ Lt (G) < n/2.
Proof. Let D and T denote the diamond-unit and the triangle-unit, respectively, in the diamond-bracelet B1. Further, let
V (D) = {a, b, c, d} and V (T ) = {e, f , g}, where a and b are themissing edges in the diamond D andwhere ae, bf ∈ E are the
two edges joining D and T . Let h be the neighbor of g not in T , and let i and j be the two vertices that belong to the triangle
containing h.
Claim C.1. If h belongs to a triangle-unit, then G = F5 or γ Lt (G) < n/2.
Proof. Assume that h belongs to a triangle-unit in the∆-D-partition. Let k and ℓ denote the neighbors of i and j, respectively,
not in this triangle-unit. The resulting subgraph of G is illustrated in Fig. 5, where possibly kℓ ∈ E.
We now consider the connected cubic graph G′ obtained from G by removing the vertices of the set {e, f , . . . , j} and
adding the edges ak and bℓ. Let n′ be the order of G′, and so n′ = n − 6. Since n′ ≥ 6, we note that G′ ≠ K4. Applying the
inductive hypothesis to G′, we get γ Lt (G′) ≤ n′/2 = n/2− 3.
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Fig. 5. A subgraph of G.
Fig. 6. A subgraph of G.
Let S ′ be a γ Lt (G′)-set. By Observation 2 we have |S ′ ∩ {c, d}| ≥ 1. Renaming vertices if necessary, we may assume that
c ∈ S ′. If d ∈ S ′, then we can simply replace d in S ′ by a or b, whichever is not in the set S ′. Hence wemay assume that d ∉ S ′.
If {a, b, c} ⊂ S ′, then let S = S ′ ∪ {h, i, j}. If b ∉ S ′ and {a, c} ⊂ S ′, then let S = S ′ ∪ {g, h, i}. If a ∉ S ′ and {b, c} ⊂ S ′, then
let S = S ′ ∪ {g, h, j}. In all cases, the set S is an LTD-set of G, implying that γ Lt (G) ≤ |S ′| + 3 = γ Lt (G′)+ 3 ≤ n/2.
If γ Lt (G
′) < n′/2, then γ Lt (G) < n/2. Hence we may assume that γ Lt (G′) = n′/2. By the inductive hypothesis we have
G′ ∈ Ncubic ∪ Fcubic. If G′ ∈ Ncubic, then the set {g, h} can be extended to an LTD-set S of G of cardinality n/2− 1 by adding
to it two vertices from every diamond-unit in G′ in such a way that k ∈ S and S contains one vertex of degree two and one
vertex of degree three in every diamond. If G′ ∈ Fcubic, then since G′ contains a diamond-unit, either G′ = F3 or G′ = F5. If
G′ = F3, then either kℓ ∈ E, in which case n = 24 and it is easy to verify that γ Lt (G) ≤ 11 < n/2, or kℓ ∉ E, in which case
G = F5. If G′ = F5, then n = 30 and it is easy to verify that γ Lt (G) ≤ 14 < n/2. Hence if h belongs to a triangle-unit, then
G = F5 or γ Lt (G) < n/2. This completes the proof of Claim C.1. 
Claim C.2. If h belongs to a diamond-unit, then G = F3 or γ Lt (G) < n/2.
Proof. Assume that h belongs to a diamond-unit in the∆-D-partition. Let k be the fourth vertex of the diamond, and so k is
a common neighbor of i and j, but is not adjacent to h. Let ℓ denote the neighbor of k not in this diamond. Letm and n be the
two vertices that belong to the triangle containing ℓ.
Suppose that ℓ belongs to a diamond-unit. Let o be the fourth vertex of this diamond-unit, and so o is adjacent to both
m and n but not to ℓ. Let p be the neighbor of o not in this diamond-unit. We now consider the connected cubic graph G′
obtained from G by removing the vertices of the set {h, i, . . . , o} and adding the edge gp. Let n′ be the order of G′, and so
n′ = n − 8. Applying the inductive hypothesis to G′, we get γ Lt (G′) ≤ n′/2 = n/2 − 4. Clearly, we can choose a γ Lt (G′)-set
S ′ such that S ′ ∩ {a, b, . . . , g, p} = {a, c, g, p}. The set S ′ can now be extended to an LTD-set of G by adding to it the set
{h, i, n, o}, implying that γ Lt (G) ≤ |S ′| + 4 = γ Lt (G′) + 4 ≤ n/2. If γ Lt (G′) < n′/2, then γ Lt (G) < n/2. Hence we may
assume that γ Lt (G
′) = n′/2. By the inductive hypothesis we have G′ ∈ Ncubic ∪Fcubic. Since G′ contains a triangle-unit and a
diamond-unit, we have G′ ∈ {F3, F5}. In both cases, it is easy to verify that γ Lt (G) < n/2.
We may therefore assume that ℓ belongs to a triangle-unit in the∆-D-partition. In this case, let o and p denote the two
neighbors ofm and n, respectively, not in this triangle-unit. The resulting subgraph of G is illustrated in Fig. 6.
Suppose that op ∈ E. Let q denote the third vertex in the triangle-unit that contains o and p, and let r be the neighbor of
q not in this triangle-unit. Let G′ be the connected cubic claw-free graph obtained from G by removing the vertices of the set
{ℓ,m, . . . , q} and adding the edge kr . By construction, the graph G′ is claw-free. Let n′ be the order of G′, and so n′ = n− 6.
Applying the inductive hypothesis to G′, we get γ Lt (G′) ≤ n′/2 = n/2 − 3. Clearly, we can choose a γ Lt (G′)-set S ′ such that
S ′ ∩{a, b, . . . , j} = {a, c, g, h, i}. If k ∈ S ′, then let S = S ′ ∪{o, p, q}, while if k ∉ S ′, then let S = S ′ ∪{m, o, p}. In both cases,
the set S is an LTD-set of G, implying that γ Lt (G) ≤ |S ′| + 3 = γ Lt (G′)+ 3 ≤ n/2. If γ Lt (G′) < n′/2, then γ Lt (G) < n/2. Hence
we may assume that γ Lt (G
′) = n′/2. By the inductive hypothesis we have G′ ∈ Ncubic ∪ Fcubic. The structure of G′ implies
that G′ = F3. But then n = 24 and it is easy to verify that γ Lt (G) ≤ 11 < n/2. Hence if op ∈ E, then γ Lt (G) < n/2.
We may therefore assume that op ∉ E. We now consider the connected cubic graph G′ obtained from G by removing
the vertices of the set {e, f , . . . , n} and adding the edges ao and bp. By construction, the graph G′ is claw-free. Let n′ be the
order of G′, and so n′ = n − 10. Applying the inductive hypothesis to G′, we get γ Lt (G′) ≤ n′/2 = n/2 − 5. Clearly, we
can choose a γ Lt (G
′)-set S ′ such that |S ′ ∩ {a, b}| ≥ 1. The set S ′ can be extended to an LTD-set of G by adding to it the set
{g, h, i,m, n}, implying that γ Lt (G) ≤ γ Lt (G′) + 5 ≤ n/2. If γ Lt (G′) < n′/2, then γ Lt (G) < n/2. Hence we may assume that
γ Lt (G
′) = n′/2. By the inductive hypothesis we have G′ ∈ Ncubic ∪Fcubic. Suppose G′ ∈ Ncubic. If G′ is a diamond-necklace N2
with two diamonds, then G = F3. If G′ is a diamond-necklace Nk with k ≥ 3 diamonds, then the set {a, c, g, h, i, k, o, p} can
be extended to an LTD-set S in G of cardinality n/2− 1 that contains exactly two vertices from every diamond-unit in G′. If
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Fig. 7. The familyM.
G′ ∈ Fcubic, then since G′ contains a diamond-unit adjacent to two distinct units, we have G′ = F3. In this case, n = 28 and
it is easy to verify that γ Lt (G) ≤ 13 < n/2. This completes the proof of Claim C.2. 
Since h belongs to either a triangle-unit or a diamond-unit, the desired result now follows from Claims C.1 and C.2. This
completes the proof of Claim C. 
Recall by our earlier assumptions, there are at least two triangle-units in our ∆-D-partition. By Claims B and C, the
graph G does not contain a diamond-bracelet. Hence every diamond-unit belongs to a diamond-chain. We now construct
a multigraph M as follows. For each triangle-unit in G, we associate a vertex of M . If two triangle-units in G are joined by
i edges, then we add i edges joining the vertices in M corresponding to these two triangle-units. Further, if two triangle-
units in G are joined to j common diamond-chains, then we add j edges joining the vertices inM corresponding to these two
triangle-units. Possibly,M is amultigraphwithmultiple edges. SinceG contains no diamond-bracelet,M is loop-free.We call
M the contraction-multigraph of G. Let G contain t triangle-units, and so t ≥ 2. By construction, the contraction-multigraph
M is a cubic multigraph of order t .
Let I be a maximal independent set of M , and let J = V (M) \ I . Let (V1, V2, V3) be a weak-partition of J , where by a
weak-partition of a set we mean a partition in which some of the sets may be empty, such that for i ∈ {1, 2, 3}, the set Vi
consists of all vertices in J that are joined with exactly i edges to vertices in I . For i ∈ {1, 2, 3}, let |Vi| = ni. A triangle-unit
in G associated with a vertex in I we call a type-0 triangle-unit, while for i ∈ {1, 2, 3} a triangle-unit in G associated with a
vertex in Vi we call a type-i triangle-unit.
We now construct an LTD-set S in G as follows. If a diamond-unit is joined to a type-0 triangle-unit, then we add the
vertex of the diamond-unit incident with such an edge to the set S along with one of its neighbors in the diamond-unit. If
a diamond-unit is joined to no type-0 triangle-unit, then we add to the set S one vertex of degree three and one vertex of
degree two in the diamond-unit. From each type-3 triangle-unit, we add to S all three vertices from that unit. From each
type-2 and type-1 triangle-unit, we add to S two vertices from that unit in such a way that all vertices, if any, from that unit
that are adjacent to a vertex in a type-0 triangle-unit are chosen. In particular, we note that every vertex in a type-1, -2 or
-3 triangle-unit that is adjacent to a vertex in a type-0 triangle-unit belongs to the set S.
By construction, the resulting set S contains exactly two vertices from every diamond-unit and every type-1 and type-2
triangle-unit, while S contains all three vertices from every type-3 triangle-unit and no vertex from a type-0 triangle-unit.
Further, every vertex that belongs to a type-0 triangle-unit is adjacent to exactly one vertex of S. By construction, the set S
is an LTD-set in G. Let G contain d diamond-units. Then
γ Lt (G) ≤ |S|
= 3n3 + 2n2 + 2n1 + 2d
≤ 3n3 + 52n2 + 2n1 + 2d
= (3n3 + 2n2 + n1)+ 12 (2n1 + n2)+ 2d








which establishes the desired upper bound. It remains for us to characterize the extremal graphs achieving this bound. For
this purpose, we first define a familyM of five connected cubic multigraphs with no loops and prove three key lemmas.
Let M1 be the multigraph on two vertices that are joined by three edges. Let M2 be the multigraph on four vertices,
say a, b, c, d, with two edges joining a and b, one edge joining a and d, two edges joining c and d, and one edge joining
b and c. Let M3 = K4,M4 = K3,3, and let M5 be obtained from K4,4 by removing the edges of a perfect matching. Let
M = {M1,M2,M3,M4,M5}. The graphs of the familyM are illustrated in Fig. 7.
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We proceed further with the following three lemmas.
Lemma 5. Let M be a connected cubic multigraph with no loops. Then M has a maximal independent set I such that some vertex
of M is joined with exactly two edges to vertices in I if and only if M ∉M.
Proof. First assume thatM ∈M. It is easy to check thatM has no maximal independent set I such that some vertex ofM is
joined with exactly two edges to vertices in I .
Now assume thatM ∉ M. If there are two vertices that are joined by three edges, thenM = M1, a contradiction. Hence
every two vertices are joined by at most two edges. Suppose that there are two vertices u and v that are joined by exactly
two edges. Let u′ be the other neighbor of u and let v′ be the other neighbor of v. If u′ = v′, then a maximal independent set
I ofM that contains v is joined by exactly two edges to the vertex u. Hence we can assume that u′ ≠ v′. If u′ and v′ are joined
by two edges, then M = M2, a contradiction. Hence there is a neighbor u′′ of u′ different from u and v′. Now, a maximal
independent set I ofM that contains v and u′′ is joined by exactly two edges to the vertex u. Therefore we can assume that
M is a simple graph.
Let u be a vertex ofM and let u1, u2 and u3 denote the neighbors of u. If u1, u2 and u3 induce a triangle inM , thenM = M3,
a contradiction. If u1 is joined to u2, but not to u3, then a maximal independent set I of M that contains u1 and u3 is joined
by exactly two edges to the vertex u. Hence we can assume that {u1, u2, u3} is a independent set inM .
Suppose that there is a vertex v that is joined to exactly one vertex of u1, u2 and u3. Renaming vertices, if necessary, we
may assume that v is adjacent to u1. A maximal independent set I of M that contains {u2, u3, v} is joined by exactly two
edges to the vertex u. Hence we may assume that either there are two vertices of V (M) \ {u} that are joined to each one of
u1, u2 and u3, or there are three vertices inM that are joined to exactly two vertices of {u1, u2, u3}. If there are two vertices
of V (M) \ {u} that are joined to u1, u2 and u3, thenM = M4, a contradiction. This implies that there are three vertices v1, v2
and v3 in M that are joined to exactly two vertices of {u1, u2, u3}. Let v1 be a common neighbor of u2 and u3, let v2 be a
common neighbor of u1 and u3, and let v3 be a common neighbor of u1 and u2.
If {v1, v2, v3} is not an independent set, then by symmetry we may assume that v1v3 ∈ E(M). But then a maximal
independent set I of M that contains u and v1 is joined by exactly two edges to the vertex u2. Hence we may assume that
{v1, v2, v3} is an independent set. Let v′1 denote the neighbor of v1 different from u2 and u3. If v′1 is adjacent to v2 and v3, then
M = M5, a contradiction. Hence we can assume by symmetry that v′1 is not adjacent to v3. Now, a maximal independent set
I ofM that contains u, v3 and v′1 is joined by exactly two edges to the vertex u2, which completes the proof of the lemma. 
Lemma 6. Let G be a connected claw-free cubic graph on n ≥ 6 vertices, whose∆-D-partition contains at least one diamond-unit
and at least two triangle-units. If the contraction-multigraph of G is bipartite, then γ Lt (G) < n/2.
Proof. Let M be the contraction-multigraph of G and let X1 and X2 be the partite sets of M . Since M is cubic, we have
|X1| = |X2| = n(M)/2. For i ∈ {1, 2}, a triangle-unit in G associated with a vertex in Xi we call an Xi-triangle-unit; let
|Xi| = xi.
We now construct an LTD-set S in G as follows. If a diamond-unit is joined to an X1-triangle-unit in G, then we add the
vertex of the diamond-unit incident with such an edge to the set S along with one vertex of degree three in the diamond-
unit. If a diamond-unit is joined to no X1-triangle-unit in G, then we add to the set S one vertex of degree three and one
vertex of degree two in the diamond-unit. From each X2-triangle-unit in G, we add to S all three vertices from that unit. Now
we remove one vertex from S that is adjacent to a vertex of a diamond-unit and that belongs to a X2-triangle-unit in G.
By construction, the resulting set S contains exactly two vertices from every diamond-unit and from one X2-triangle-unit,
while S contains all three vertices from the remaining n(M)/2− 1X2-triangle-units and no vertex from an X1-triangle-unit.
Further, every vertex that belongs to a X1-triangle-unit is adjacent to exactly one vertex of S. By construction, the set S is
an LTD-set in G. Let G contain d diamond-units. Then γ Lt (G) ≤ |S| = (3x2 − 1) + 2d = 12 (3n(M) − 2 + 4d) < n/2, which
completes the proof of the lemma. 
Lemma 7. If the∆-D-partition of a connected claw-free cubic graph on n vertices contains at least one diamond-unit, and if the
contraction-multigraph of G is isomorphic to M3 = K4, then γ Lt (G) < n/2.
Proof. Let D be a diamond-unit that is joined to a triangle-unit T0 in G. Let T1 denote the triangle-unit in G different from T0
that is joined to the diamond-chain that contains D. We now construct an LTD-set S in G as follows.
For every diamond-unit that is joined to T0 in G, we add the vertex of the diamond-unit incident with such an edge to
the set S along with one vertex of degree three in the diamond-unit. If a diamond-unit that does not belong to the diamond-
chain that contains D is joined to T1 in G, then we add the vertex of the diamond-unit incident with such an edge to the set
S along with one vertex of degree three in the diamond-unit. From the remaining diamond-units we add to the set S one
vertex of degree three and one vertex of degree two in the diamond-unit.
From each triangle-unit different from T0 and T1, we add to S two vertices from that unit in such a way that all vertices,
if any, from that unit that are adjacent to a vertex in T0 or T1 are chosen. From T1 we add to S one vertex that is not joined to
the diamond-chain that contains D, while no vertex in T0 is added to S.
By construction, the resulting set S contains exactly two vertices from every diamond-unit and five vertices from the
four triangle-units. Further, the set S is an LTD-set in G. Let G contain d diamond-unit. Then, γ Lt (G) ≤ |S| = 5 + 2d =
1
2 (12− 2+ 4d) < n/2, which completes the proof of the lemma. 
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Fig. 8. The graph Gwith contraction-multigraphM4 .
Fig. 9. The graph Gwith contraction-multigraphM5 .
We are now in a position to characterize the connected cubic claw-free graphs with locating-total domination number
equaling one-half their order. Let G ≠ K4 be a connected cubic claw-free graph of order n such that γ Lt (G) = n/2. We show
that G ∈ Ncubic ∪ Fcubic.
If every unit in the∆-D-partition of G is a diamond-unit, then G is a diamond-necklace, and so G ∈ Ncubic. Hence wemay
assume that at least two units in the∆-D-partition are triangle-units. If G contains a diamond-bracelet B1, then by Claims B
and C, we have G ∈ {F3, F5} ⊂ Fcubic. Hence we may assume that G contains no diamond-bracelet. We now consider the
contraction-multigraph M of G. We note that M is a cubic connected multigraph, possibly with multiple edges, on at least
two vertices. Since G contains no diamond-bracelet, the multigraphM is loop-free.
Suppose that M has a maximal independent set I , such that there is a vertex in M that is joined with exactly two edges
to vertices in I . Choose such a set I and let S be the LTD-set in G constructed in the proof showing that γ Lt (G) ≤ n/2. Since
n2 > 0, we have strict inequality in the inequality chain (1), implying that γ Lt (G) < n/2, a contradiction. Hence there is no
maximal independent set I , such that there is a vertex in M that is joined with exactly two edges to vertices in I . Thus by
Lemma 5 we haveM ∈M.
Suppose that the ∆-D-partition of G contains at least one diamond-unit. If M ∈ {M1,M2,M4,M5}, then M is bipartite,
implying by Lemma 6 that γ Lt (G) < n/2. If M = M3, then by Lemma 7 we have γ Lt (G) < n/2. Both cases produce a
contradiction. Hence the∆-D-partition of G contains no diamond-unit.
Suppose that M = M4. Then G is the graph of order n = 18 shown in Fig. 8. The set of darkened vertices illustrated in
Fig. 8 form an LTD-set of G of cardinality 8, implying that γ Lt (G) ≤ 8 < n/2, a contradiction. Hence,M ≠ M4.
Suppose that M = M5. Then G is the graph of order n = 24 shown in Fig. 9. The set of darkened vertices illustrated in
Fig. 9 form an LTD-set of G of cardinality 11, implying that γ Lt (G) ≤ 11 < n/2, a contradiction. Hence,M ≠ M5.
IfM = M1, then G = F1. IfM = M2, then G = F2. IfM = M3, then G = F4. This completes the proof of Theorem 4. 
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